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A novel shell-membrane concept is presented in this paper to deﬁne the wrinkling analytical object. A stress ﬁeld model
is established and applied to determine the diﬀerent regions (taut, wrinkled and slack regions) of the shell-membrane. An
analytical model based on the bifurcation theory of thin-plate is introduced to predict the wrinkling wavelength and ampli-
tude. Numerical simulation incorporating nonlinear post-wrinkling analysis is employed to simulate the detailed nonlinear
wrinkling behavior. To stabilize the ﬁnite element model, the initial prestress is introduced to the model at ﬁrst. The out-of-
plane disturbing forces are then applied to the model to initiate the wrinkling and complete the post-wrinkling analysis.
Results from numerical simulation show good agreement with the analytical prediction.
 2007 Elsevier Ltd. All rights reserved.
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Ultra-lightweight and ultra-large space membrane structures have become very attractive for a wide variety
of space exploration missions. The successful on-orbit ﬂight experiment of IAE (Inﬂatable Antenna Experi-
ment) advanced the application of such space membrane structures (Veal and Freeland, 1995). Wrinkle is a
key problem to restrict the development of the space membrane structures. They can reduce the structural per-
formance and cause diﬃculties in maneuvering structural components. And the wrinkling magnitude is of
great interest to designers, as the membrane reﬂectivity (for space structure with high precision) is a function
of the wrinkle wavelength and amplitude (Jenkins, 2001). Hence, it is now important to predict details of the
wrinkles, such as wavelength and amplitude, in order to determine if the membrane meet the requirements of
each particular application.
The membrane mentioned in this paper is diﬀerent from the physical ‘‘true membrane’’. ‘‘True membrane’’
does not have bending and compress rigidity for its thickness. Structures made of true-membrane do have0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.02.036
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Nomenclature
A amplitude of wrinkle
a given length of tension
D bending stiﬀness of the membrane
E Young’s modulus
h thickness of the membrane
L edge length of the membrane
T tensile force along the given length of the long edge
w out-of-plane deformation of the membrane
d transverse in-plane tension displacement
m Poisson’s ratio
k wrinkle half-wavelength
rn stress in the wrinkling direction
rg compressive stress of the membrane
kn,kg principal curvature in n and g directions
eg ‘‘geometry’’ strain
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So we present a concept and call the membrane, in this case, ‘‘Shell-membrane’’. ‘‘Shell-membrane’’ has stiﬀ-
ness comes from initial prestress, but do not contain the stiﬀness comes from material and shape. That is,
‘‘Shell-membrane’’ mentioned in our paper has same physical shape with ‘‘true membrane’’, and, the bending
and compress rigidity of ‘‘Shell-membrane’’ is zero in free condition, which means the bending stiﬀness comes
from material and shape can be neglected. ‘‘Shell-membrane’’ can also be deﬁned as a thin plate without stiﬀ-
ness from material and shape (because of their thin thickness), but it have bending and compress rigidity
comes from the structure stiﬀness introduced in-plane stress. Thus, we think that is reasonable, when we
do the wrinkling analysis of such a ‘‘Shell-membrane’’ structure by using some theories from thin plate.
We emphasize that the membrane mentioned in our analytical model is the above-deﬁned ‘‘Shell-membrane’’.
The modeling of wrinkled membranes is attributed to Wagner and Ballerstedt (1935). He introduced a suit-
able solid mechanics model known as tension ﬁeld theory (TFT) for analyzing membrane structures under the
wrinkling condition. The TFT is based on the assumption that wrinkles are oriented in the direction of the
local major principal stress, and the minor principal stress in the wrinkling region, which is perpendicular
to the load path, is zero. The major shortcoming of the TFT schemes is their inability to predict the detailed
out-of-plane wrinkle deformation. A complete survey of the membrane wrinkling literature up to about 2005
was given by Du et al. (2006).
To enable computational modeling of detailed wrinkling deformations, both membrane and bending ﬂex-
ibilities must be considered in the analytical model based on geometrically nonlinear kinematics with large dis-
placements and rotations. Departing from the classical TFT, several recent computational studies have
employed geometrically nonlinear shell ﬁnite element models (Wong and Pellegrino, 2002, 2004, 2006; John-
ston, 2002; Leifer and Belvin, 2003; Tessler et al., 2003, 2005; Tessler and Sleight, 2004).
In this paper, we referenced Wong and Pellegrino’s analytical model (Wong and Pellegrino, 2002) to obtain
the stress distribution of three diﬀerent region types (taut, wrinkled or slack) and the out-of-plane wrinkle
deformation in a rectangular membrane clamped along the short edges and subjected to a uniform transverse
in-plane displacement along a given length of a long edge. Next, a non-linear post-wrinkling simulation tech-
nique is presented, where the membrane is modeled in shell elements. The simulation consists of three main
parts, namely (i) setting up an initial, lightly prestressed membrane, and the initial prestress applied only to
improve the out-of-plane rigidity and to stabilize the solution; (ii) carrying out an eigenvalue buckling analysis
leading to the imperfection modes that are seeded into the membrane, and the application of small, pseudo-
random, out-of-plane geometric imperfections that ensure initiation of the requisite membrane-to-bending
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to go past the instabilities associated with mode jumping.
Wrinkles are an elastic (recoverable) response of a membrane that is realized as (approximately) sinusoidal
undulations along the direction of compress stress. Folds (also can named as crease) are an inelastic response
to yielding of the membrane material, particularly in the presence of metallic coatings. Folds may exhibit a
regular pattern (e.g., from folding) or irregular pattern (e.g., from handling) (Jenkins, 2006). In this paper,
we focus on the ﬁrst case.2. Analytical model
The analytical approach stems from the observations of the particular behavior of the membranes. In gen-
eral, three diﬀerent types of regions (taut, wrinkled and slack regions) may appear in a rectangular membrane
laterally clamped and subject to uniform transverse in-plane displacements on the central portion of its base
(Riccardo et al., 2001).
Referenced Wong and Pellegrino’s (2002) ideas, we consider the stress ﬁeld and the out-of-plane wrinkle
deformation in a rectangular membrane clamped along the short edges and subjected to a uniform transverse
in-plane displacement along a given length of a long edge. The description of our analytical model is shown in
Fig. 1. We assumed that the wrinkles are parallel and uniformly spaced and they have uniform length. In the
model, we divided the deformed membrane into the taut (T), wrinkled (W), and slack (S) regions.
A key diﬃculty in wrinkling analysis of the locally stretched rectangular membrane is to guess a reasonably
accurate stress ﬁeld in three diﬀerent regions. Once a good approximation to the stress ﬁeld has been identiﬁed,
the corresponding wrinkle details are predicted accurately.
Fig. 2 is a plot of the major principal stresses in a heavily wrinkled membrane, predicted by ANSYS. The
direction angle of major principal is the included angle between the horizontal and the major principal direc-
tions. According to the numerical results, the variation of the angle of the major principal stress and the hori-
zon as the increasing tension displacement is shown in Fig. 3. Based on the curve, we assumed that the
wrinkling direction inclined at 45, which is relevant to the given membrane dimension.
We identify a two-dimensional stress ﬁeld that involves no compression anywhere in the membrane. The
membrane is divided into regions, which are either unloaded or subject to a state of stress.
The principal stress criterion is used to access the character of deformation (wrinkling, taut, or slack) in the
membrane (Contri and Schrefker, 1988; Fujikake, 1989; Tabarrok and Qin, 1992). In the principal stress cri-
terion, the signs of principal stresses deﬁne locations that undergo wrinkling or non-wrinkling deformations in
the membrane. If the major principal stress is less than zero, wrinkling does not occur, while slack occurs; if
the minor principal stress is more than zero, wrinkling does not occur, while the membrane is taut; if the major
principal stress is more than zero and the minor principal stress is less than zero, the wrinkling occurs.
The regions where the minor principal stress is zero are then assumed to be wrinkled and the wrinkles are
assumed to be along the major principal stress directions. And the unstressed region is considered as the slack
region. Ideally, both equilibrium and compatibility should be satisﬁed everywhere by the selected stress ﬁeld,Fig. 1. Analytical model and stress ﬁeld.
Fig. 2. Major principal stress ﬁelds plotted on the actual deformed conﬁguration of a rectangular membrane (reference conﬁguration:
75 · 25 · 0.025 · 103 m) laterally clamped under uniform transverse in-plane displacements d = 3 · 103 m as shown.
Fig. 3. The direction angle of major principal stress derived from tension ﬁeld theory.
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ﬁelds can be obtained from a stress analysis with our following numerical simulation.
The stress state is diﬀerent in three diﬀerent regions. The biaxial stress in the taut region is given byrt ¼ T=ðahÞ ð1Þ
where T is the tensile stress introduced by transverse in-plane tension displacement. The stress in the slack re-
gion is equal to zero. In the wrinkled region, the uniaxial stress is expressed as:rn ¼ 2EdL aþ
p2Eh2
12k2ð1 mÞ2 ð2ÞConsidered one of the wrinkles in the uniformly wrinkled part of the membrane, the single wrinkle and the
stress components of the inﬁnitesimal free body are shown in Fig. 4. The initially ﬂat membrane has deformed
into a doubly curved shape lying alternately above and below the original, xy plane of the membrane. A mode-
shape describing the wrinkled surface can be set up using the coordinate system n and g shown in Figs 1 and 4.
The length of the model is ðL aÞ ﬃﬃﬃ2p =2, and the width is k. We assumed that n is parallel to the wrinkle
direction, and g is perpendicular to it. Based on the wrinkling conﬁguration, we conﬁgure the out-of-plane
displacement function as
Fig. 4. Single wrinkle and stress components.
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pn
L a sin
pg
k
ð3ÞThe critical wrinkling stress rg acting perpendicular to the wrinkles is assumed to equal the stress required to
buckle a simply-supported, inﬁnitely wide plate of length k, which is loaded length-wise. Hence, by Euler’s
formularg ¼  p
2
k2
Eh2
12ð1 m2Þ ð4ÞAccording to Eq. (4), the critical wrinkling stress is the function of wrinkle width. The initial pre-stress in
numerical analysis is applied only to stabilize the solution, and it is not the part of the problem that is being
solved.
The state of equilibrium in the out-of-plane direction in the wrinkle strip is given in Fig. 4. The equilibrium
equation can be expressed as:rnkn þ rgkg ¼ 0 ð5Þ
where kn and kg are two principal curvature, which can be determined by Eq. (3). According to above deter-
mined stress ﬁeld and equilibrium, the width of wrinkle k (half wavelength of wrinkle) of a rectangular mem-
brane subject to transverse in-plane tension displacement d, as shown in Fig. 1, is accurately predicted byk2 ¼ p
2h2ðL aÞ
48dð1 m2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 48dð1 m
2ÞðL aÞ
p2h2
s
 1
2
4
3
5 ð6ÞThe membrane produces the over contraction in the direction of wrinkle texture, i.e. the direction of g. The
total strain in this direction is given by the expression of the 2d/(L  a). While the material strain in this
direction is 2md/(L  a). However, the material strain is not equal to the total strain in this direction. Hence,
the diﬀerence is deﬁned as the ‘‘geometric strain’’eg ¼  2dð1 mÞL a ð7ÞThe ‘‘geometry strain’’ is the strain, which is relevant to the wrinkled geometric conﬁguration. The ‘‘geometry
strain’’ can also be expressed as another expression based on the strain energy of the wrinkled membrane
(Wong and Pellegrino, 2006).
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ð8ÞSo the amplitude of wrinkle satisﬁes the following equation: 2dð1 mÞ
L a ¼ 
p2A2
4k2
ð9ÞAt the current case, the amplitude may be evaluated from Eqs. (6) and (9) which is given byA ¼ hﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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0
@
1
A
1=2
ð10Þ3. Nonlinear post-wrinkling analysis
In this section, the nonlinear buckling element model is performed to simulate the wrinkling deformation of
a rectangular Kapton membrane subject to transverse in-plane displacement. The description of the material
properties and the structure is given E = 3.53 · 109 Pa, m = 0.3, thickness, h, is 0.025 · 103 m, length, L, is
75 · 103 m, width, H, is 25 · 103 m, length of tension, a, is 15 · 103 m. The element model shown in Fig. 5
is used for the nonlinear post-wrinkling analysis. To capture the detailed wrinkling deformation, a uniform
mesh of 1875 elements was used to model the whole membrane structure.
The nonlinear buckling ﬁnite element analysis incorporating thin shell model is used to simulate the
detailed wrinkles in the membrane structure. The initial pre-stress is introduced by reducing the structural
temperature, and the initial imperfection is introduced by applying some small out-of-plane forces that are
distributed across the face of the pre-stressed membrane, and both them are removed after buckling has
commenced. The magnitude of the imperfection is determined by applying a scaling factor (1/1000) to
the ﬁrst order mode, and the distribution of the imperfection is located along with the resulting out-of-
plane mode shape, which obtained from an eigenvalue buckling analysis. The equal numbers of positive
and negative forces are used so that the net out-of-plane force remained equal to zero, which meet the
force equilibrium condition and mainly initiate the analysis into the post-wrinkling phase. The distribution
of the forces is located along with the resulting out-of-plane buckling mode shape. In this respect, the
method is thus restricted to buckling modes with even number of wrinkle waves, so that they meet the
moment equilibrium as well.
The nonlinear equation is solved by using the Newton–Raphson iteration and dichotomy method. The
increment of loads is limited to smaller value to satisfy with the requirement of convergence. The ﬂowchart
of the FE wrinkling analysis is shown in Fig. 6.
The contours of out-of-plane wrinkle deformation under diﬀerent torsion are given in Fig. 7.
The out-of-plane wrinkle deformation and the direction of wrinkle can be obtained straightly, the forma-
tion and evolution of the wrinkles also can be observed from the contours of wrinkle proﬁles. Increasing the
tension displacement can signiﬁcantly increase the amplitude of wrinkling while reducing the wavelength of
wrinkling.Fig. 5. Element model.
Fig. 6. Flowchart of wrinkling simulation.
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subjected to a 3 · 103 m tension displacement, respectively. The obvious wave crest and hollow can be
observed from the curve of wrinkling amplitude.
According to Fig. 8, we can ﬁnd the exact mean value of wrinkle width, wrinkle amplitude and wrinkle
numbers. The width of wrinkle is the horizontal distance between two adjacent peaks or hollows. The ampli-
tude of wrinkle is the half distance between maximum peak and minimum hollows. The wrinkle number is the
number of total peaks or hollows.
The compressive stress is the intrinsic reason of the appearance of wrinkles. As long as the membrane
reaches the critical wrinkling stress, the wrinkles will be formed in the membrane. Although, the compressive
stress in the membrane is less than the membrane stiﬀness, it is the key factor to arise the wrinkles. The major
and minor principal stresses across the width direction of the membrane are shown in Fig. 9.
The minor principal stress is nonzero, and varies smoothly across the membrane. The value of minor prin-
cipal stress is far less than the major principal stress.
4. Comparison of analytical and numerical results
For any given tension displacement, the results obtained from the simulation will be compared with the
prediction from the analytical model. Figs. 10 and 11, respectively, compare the variation of the wrinkle
half-wavelength and wrinkle amplitude with the transverse displacement applied to a rectangular membrane
with the properties mentioned in the Section 3.
The wrinkle wavelength and amplitude were extracted from the numerical output by plotting the width
direction cross section, selecting visually the uniformly wrinkled region, and ﬁnally measuring the average
wavelength and amplitude of each plot. It can be observed from Fig. 10 that the half wavelengths from the
simulation show good agreement with the analytical prediction over the total range of tension displacement.
Increasing the tension displacement can obviously reduce the wavelength, and the same results are also found
from Fig. 7.
Fig. 7. Wrinkle proﬁle contours. (a) d = 1·103 cm; (b) d = 1·103 cm.
Fig. 8. Out-of-plane wrinkle displacement. (a) Along y = 13·103 m; (b) Along x = 15 · 103 m.
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Fig. 9. Principal stress distribution.
Fig. 11. Comparison of wrinkle amplitudes.
Fig. 10. Comparison of wrinkle half-wavelengths.
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wrinkle amplitude is increasing as the tension displacement increases. Good agreement is shown in Fig. 11
between the simulation and the prediction, especially in region of d > 1.25 · 103 m.
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A concept of shell-membrane and the post-wrinkling analysis in a clamped rectangular shell-membrane
subjected to uniform transverse in-plane displacement are presented in this paper. The detailed stress ﬁeld
and wrinkling deformation and wrinkling evolution in the wrinkled shell-membrane structure can be obtained
based on the nonlinear post-wrinkling analysis. According to the results, the post-wrinkling analysis presented
in this paper has been shown to be robust and capable of producing good results in predicting the wrinkle
deformation in membrane. Results from analytical predicting model and simulations are agreed well, and
show both them are eﬀective to predict the wrinkle behavior of shell-membrane structures accurately.
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